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SPECIAL STANLEY DECOMPOSITIONS
ADRIAN POPESCU
Abstract. Let I be an intersection of three monomial prime ideals of a poly-
nomial algebra S over a field. We give a special Stanley decomposition of I
which provides a lower bound of the Stanley depth of I, greater than or equal to
depth (I), that is Stanley’s Conjecture holds for I.
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Introduction
Let K be a field and S = K[x1, . . . , xn] be the polynomial ring over K in n
variables. Let I ⊂ S be a squarefree monomial ideal of S, u ∈ I a monomial
and uK[Z], Z ⊂ {x1, . . . , xn} the linear K-subspace of I of all elements uf , f ∈
K[Z]. Suppose that uK[Z] is free over K[Z]. A Stanley decomposition of I is a
presentation of I as a finite direct sum of such spaces D : I =
⊕r
i=1 uiK[Zi]. Set
sdepth(D) = min{|Zi| : i = 1, . . . , r} and
sdepth (I) := max{sdepth (D) : D is a Stanley decomposition of I}.
By Stanley’s Conjecture [10] the Stanley depth sdepth (I) of I is≥ depth (I). This
is proved if either n ≤ 5 by [6], or I is the intersection of two monomial irreducible
ideals by [7, Theorem 5.6]. It is the purpose of our paper to show that Stanley’s
Conjecture holds for intersections of three monomial prime ideals (see Theorem 2.6)
and for arbitrary intersections of prime ideals generated by disjoint sets of variables
(see Theorem 1.4). For the proof we give a special Stanley decomposition D of I
and compute sdepth (D) (see Lemma 2.2 and Proposition 2.3) which is ≥ depth (I).
1. Intersections of primes generated by disjoint sets of variables
Let S = K[x1, . . . , xn], I ⊂ K[x1, . . . , xr] = S
′ and J ⊂ K[xr+1, . . . , xn] = S
′′ be
monomial ideals, where 1 < r < n. The following two lemmas are elementary, their
proofs being suggested by [11, Theorem 2.2.21] and [7, Lemma 4.1].
Lemma 1.1. Then
depthS(IS ∩ JS) = depthS′(I) + depthS′′(J).
Proof. In the exact sequence of S-modules:
0→
S
IS ∩ JS
→
S
IS
⊕
S
JS
→
S
IS + JS
→ 0
1
we have depthS
(
S
IS+JS
)
= depthS′(S
′/I) + depthS′′(S
′′/J) by [11, Theorem 2.2.21].
Using Depth Lemma we get
depthS
(
S
IS ∩ JS
)
= depthS
(
S
IS + JS
)
+1 = depthS′(S
′/I)+depthS′′(S
′′/J)+1,
which is enough. 
The following result is analogous to [8, Theorem 3.1].
Lemma 1.2. With the hypotheses from the previous lemma, we have
sdepthS(IS ∩ JS) ≥ sdepthS′(I) + sdepthS′′(J).
The proof of [7, Lemma 4.1] works also in our case.
Remark 1.3. The inequality of the above lemma can be strict as happens in the
case when n = 4, r = 2, I = (x1, x2), J = (x3, x4). Indeed, then sdepthS′(I) = 1,
sdepthS′′(J) = 1, and sdepthS(IS ∩ JS) = 3 > 2 = sdepthS′(I) + sdepthS′′(J), as
shows the Stanley decomposition
IS ∩ JS = x1x3K[x1, x3, x4]⊕ x1x4K[x1, x2, x4]⊕
x2x3K[x1, x2, x3]⊕ x2x4K[x2, x3, x4]⊕ x1x2x3x4S.
Theorem 1.4. Let 0 = r0 < r1 < r2 < . . . < rs = n, S = K[x1, . . . , xn] and set
P1 = (x1, . . . , xr1), P2 = (xr1+1, . . . , xr2), . . . , Ps = (xrs−1+1, . . . , xrs) and I =
s⋂
i=1
Pi.
Then,
sdepth (I) ≥ depth (I) = s,
and in particular Stanley’s Conjecture holds in this case.
Proof. Let us denote Si = K[xri−1+1, . . . , xri ]. Since depthSi
(
Si
Pi ∩ Si
)
= 0 we get
depthSi(Pi ∩ S
i) = 1. By Lemma 1.1 and recurrence we obtain depth (I) = s.
Applying Lemma 1.2, by recurrence and [9] we get that
sdepthS (I) ≥
s∑
i=1
sdepthSi(Pi ∩ S
i) =
s∑
i=1
⌈
ri − ri−1
2
⌉
≥ s,
where ⌈a⌉ is the lowest integer number greater or equal to a ∈ R. 
Remark 1.5. If s = 2, then Ishaq [5, Corollary 2.9, 2.10] proved that sdepth(I) =⌈
n + 1
2
⌉
if either n is odd, or n is even but r1 is odd, and
n
2
≤ sdepth(I) ≤
n
2
+ 1
if n and r1 are even.
In the next section we need the following two lemmas:
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Lemma 1.6. [7, Lemma 4.3] Let S = K[x1, . . . , xn], Q = (x1, . . . , xt) and Q
′ =
(xr+1, . . . , xn) where 1 ≤ r ≤ t < n. Then
sdepth(Q ∩Q′) ≥
⌈r
2
⌉
+
⌈
n− t
2
⌉
.
Lemma 1.7. [4, Lemma 3.6] Let I ⊂ S = K[x1, . . . , xn] and S
′ = S[xn+1, . . . , xt],
where t > n. Then,
sdepthS′(IS
′) = sdepthS(I) + (t− n).
2. Intersections of three prime ideals
Let S=K[x1,. . . ,xn] and P1,P2,P3 be three non-zero monomial prime ideals not
included one in the other such that
3∑
i=1
Pi = (x1, . . . , xn). Let I=P1 ∩ P2 ∩ P3.
Proposition 2.1. Then
depth (I) =
{
3, if Pi 6⊂ Pj + Pk for any different i, j, k ∈ {1, 2, 3}
n+ 2−max{ht(Pi + Pj), ht(Pi + Pk)}, if Pi ⊂ Pj + Pk .
Proof. Consider the following exact sequence of S-modules:
(1) 0→
S
P1 ∩ P2
→
S
P1
⊕
S
P2
→
S
P1 + P2
→ 0.
We have :
depth
(
S
P1 + P2
)
= n− ht(P1 + P2)
and
depth
(
S
P1
⊕
S
P2
)
= min {depth(S/P1), depth(S/P2)} = n−max {ht(P1), ht(P2)} .
By hypotheses ht(P1 + P2) > max{ht(P1), ht(P2)} thus n − ht(P1 + P2) < n −
max{ht(P1), ht(P2)}. That means depth(
S
P1+P2
) < depth( S
P1
⊕ S
P2
) and applying
Depth Lemma to (1) we obtain depth( S
P1∩P2
) = n − ht(P1 + P2) + 1. There are
two cases:
Case 1. Pi 6⊂ Pj + Pk for any different i, j, k ∈ {1, 2, 3}.
Let us consider the following two exact sequences of S-modules:
(2) 0→
S
I
→
S
P1 ∩ P2
⊕
S
P3
→
S
P3 + (P1 ∩ P2)
→ 0,
(3) 0→
S
(P1 + P3) ∩ (P2 + P3)
→
S
(P1 + P3)
⊕
S
(P2 + P3)
→
S
P1 + P2 + P3
→ 0.
By the hypothesis of this case, we have depth( S
P1+P3
) > 0 and depth( S
P2+P3
) > 0.
Applying Depth Lemma to (3) we get depth
(
S
(P1+P3)∩(P2+P3)
)
= 1 because P1+P2+
3
P3 is the maximal ideal. But (P1 + P3) ∩ (P2 + P3) = P3 + (P1 ∩ P2), so we get
depth
(
S
P3+(P1∩P2)
)
= 1. Using again the hypothesis of this case in (2) we can say
that depth(S/P3) > 1 and depth(
S
P1∩P2
) > 1. By Depth Lemma applied to (2) we
have depth(S/I) = 2. Thus depth (I) = 3.
Case 2. There exist different i, j, k ∈ {1, 2, 3} such that Pi ⊂ Pj + Pk.
After a possible renumbering of (Pi)1≤i≤3 we may suppose that P1 ⊂ P2+P3. Note
that P1 = P1 ∩P2 +P1 ∩P3. Let us consider the next exact sequence of S-modules:
(4) 0→
S
I
→
S
(P1 ∩ P2)
⊕
S
P1 ∩ P3
→
S
P1
→ 0.
Remark that depth( S
P1∩P2
) and depth( S
P1∩P3
) are smaller or equal than dim(S/P1)
(see [2]). We prove that
depth(S/I) = min{depth(
S
P1 ∩ P2
), depth(
S
P1 ∩ P3
)}.
If n−ht(P1) = dim(S/P1) > min{depth(
S
P1∩P2
), depth( S
P1∩P3
)} = n+1−max{ht(P1+
P2), ht(P1 + P3)} then we are done by Depth Lemma applied to (4).
Otherwise, n − ht(P1) = n + 1 − max{ht(P1 + P2), ht(P1 + P3)} and applying
again Depth Lemma we get that depth(S/I) ≥ min{depth( S
P1∩P2
), depth( S
P1∩P3
)},
the inequality being equality because depth(S/I) ≤ dim(S/P1) = n − ht(P1) =
min{depth( S
P1∩P2
), depth( S
P1∩P3
)}. Thus we get
depth(S/I) = n + 1−max{ht(P1 + P2), ht(P1 + P3)}
and so
depth (I) = n + 2−max{ht(P1 + P2), ht(P1 + P3)}.

The next lemma presents a decomposition of the above I as a direct sum of
its linear subspaces. These subspaces are “simpler” monomial ideals, for which we
already know “good” Stanley decompositions. Substituting them in the above direct
sum we get some special Stanley decompositions where it is easier to lower bound
their Stanley depth.
We may suppose after a possible renumbering of variables that P1 = (x1, . . . , xr).
Let us denote the following:
b2 − the number of variables from {xi|1 ≤ i ≤ r} for which xi ∈ P2,
b3 − the number of variables from {xi|1 ≤ i ≤ r} for which xi ∈ P3,
b1 − the number of variables from {xi|1 ≤ i ≤ r} for which xi ∈ P2 ∪ P3,
a23 − the number of variables from {xi|1 ≤ i ≤ r} for which xi ∈ P2 \ P3,
a32 − the number of variables from {xi|1 ≤ i ≤ r} for which xi ∈ P3 \ P2,
c− the number of variables from {xi|r + 1 ≤ i ≤ n} for which xi ∈ P2 ∩ P3,
A =
⌈a32
2
⌉
+
⌈
ht(P2)− b2
2
⌉
+ n− a32 − ht(P2),
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B =
⌈a23
2
⌉
+
⌈
ht(P3)− b3
2
⌉
+ n− a23 − ht(P3),
C =
⌈
r − b1
2
⌉
+
⌈
ht(P2)− b2 − c
2
⌉
+
⌈
ht(P3)− b3 − c
2
⌉
,
S ′ = K[{xi|1 ≤ i ≤ r, xi 6∈ P3}], S
′′ = K[{xi|1 ≤ i ≤ r, xi 6∈ P2}],
S˜ = K[{xi|1 ≤ i ≤ r, xi 6∈ P2 + P3}, xr+1, . . . , xn].
Lemma 2.2. Let S=K[x1,. . . ,xn] and P1,P2,P3 be three non-zero monomial prime
ideals not included one in the other such that
3∑
i=1
Pi = (x1, . . . , xn). Let I=P1∩P2 ∩
P3. The next sum is a direct sum of linear subspaces of I:
I = I1 ⊕ I2 ⊕ I3 ⊕ I4,
where:
I1 = (I ∩K[x1, . . . , xr])S, I2 = (P2 ∩ S
′)S ′[xr+1, . . . , xn] ∩ (P3 ∩ S
′[xr+1, . . . , xn]),
I3 = (P3 ∩ S
′′)S ′′[xr+1, . . . , xn] ∩ (P2 ∩ S
′′[xr+1, . . . , xn]), I4 = I ∩ S˜.
Proof. Note that I ⊇ I1 + I2 + I3 + I4 is obvious because every Ii ⊆ I. Conversely,
let a be a monomial from I. If a 6∈ I1, then we have the next three disjoint cases:
Case 1. a 6∈ (P2 ∩K[x1, . . . , xr])S but a ∈ (P3 ∩K[x1, . . . , xr])S.
Let a = uv, where u ∈ K[x1, . . . , xr] and v ∈ K[xr+1, . . . , xn] monomials. From
the hypothesis of this case we get that u 6∈ (P2 ∩K[x1, . . . , xr]). But P2 is a prime
ideal, so it follows that v ∈ P2, which leads us to a ∈ I3.
Case 2. a ∈ (P2 ∩K[x1, . . . , xr])S but a 6∈ (P3 ∩K[x1, . . . , xr])S.
This case is similar with Case 1.
Case 3. a 6∈ (P2 ∩K[x1, . . . , xr])S and a 6∈ (P3 ∩K[x1, . . . , xr])S.
Let a = uv, where u ∈ K[x1, . . . , xr] and v ∈ K[xr+1, . . . , xn] monomials. From
the hypothesis of this case we get that u 6∈ P2 ∩ K[x1, . . . , xr] and u 6∈ P3 ∩
K[x1, . . . , xr]. Thus v ∈ P2 ∩ P3 ∩ K[xr+1, . . . , xn] because P2 and P3 are prime
ideals. Hence a ∈ I4 since u ∈ P1.
Because the cases are disjoint we get that the sum I = I1 + I2 + I3 + I4 is direct.

Proposition 2.3. Let P1, P2, P3 be three non-zero prime monomial ideals of S such
that there exists no inclusion between any two of them,
3∑
i=1
Pi = (x1, . . . , xn) and set
I = P1 ∩ P2 ∩ P3. With the above notations set D = sdepth((I ∩K[x1, . . . , xr])S) if
I ∩K[x1, . . . , xr] 6= 0. Then
sdepth (I) ≥
{
min{A,B,C,D} , if Pi 6⊂ Pj + Pk for any different i, j, k ∈ {1, 2, 3}
min{A,B,D} , if P1 ⊂ P2 + P3.
The proof follows from Lemma 2.2, but first we see the idea in the following
example:
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Example 2.4. Let S = K[x1, x2, x3, x4] , P1 = (x1, x2), P2 = (x2, x3, x4) and
P3 = (x1, x3). Then I = P1 ∩ P2 ∩ P3 = (x1x2, x1x3, x1x4, x2x3) and the following
Stanley decomposition of I is given by Lemma 2.2:
I = (x1x2) K[x1, x2, x3, x4]⊕ (x2x3) K[x2, x3, x4]⊕ (x1x3, x1x4) K[x1, x3, x4].
Note that the last term of Lemma 2.2 does not appear in this example since P1 ⊂
P2 + P3. We see that the first and the third term in the sum are principal ideals.
Therefore sdepth((x1x2)K[x1, x2, x3, x4]) = 4 and sdepth((x2x3)K[x2, x3, x4]) = 3.
As for the second term we use Lemma 1.6, so
sdepth((x1) ∩ (x3, x4) K[x1, x3, x4]) =
⌈
1
2
⌉
+
⌈
2
2
⌉
= 2.
Thus sdepth (I) ≥ min{4, 2, 3} = 2. The same thing follows from the Proposition 2.3
because in this case b2 = 1, b3 = 1, b1 = 2, a23 = 1, a32 = 1, c = 1, A = 2 and B = 3.
Therefore sdepth(I) ≥ min{A,B} = 2. Note that depth (I) = 2 by Proposition 2.1
so Stanley’s Conjecture holds for this example.
Proof of Proposition 2.3
From Lemma 2.2 we have the direct sum of spaces I = I1 ⊕ I2 ⊕ I3 ⊕ I4 where:
I1 = (I ∩K[x1, . . . , xr])S, I2 = (P2 ∩ S
′)S ′[xr+1, . . . , xn] ∩ (P3 ∩ S
′[xr+1, . . . , xn]),
I3 = (P3 ∩ S
′′)S ′′[xr+1, . . . , xn] ∩ (P2 ∩ S
′′[xr+1, . . . , xn]), I4 = I ∩ S˜.
Then sdepth (I) ≥ min1≤i≤4 sdepth(Ii). By Lemma 1.2 we have
sdepthS′[xr+1,...,xn] (I2) ≥ sdepthS′(P2∩S
′)+sdepthK[xr+1,...,xn](P3∩K[xr+1, . . . , xn]) =
=
(⌈a23
2
⌉
+ r − b3 − a23
)
+
(⌈
ht(P3)− b3
2
⌉
+ (n− r)− (ht(P3)− b3)
)
=
=
⌈a23
2
⌉
+
⌈
ht(P3)− b3
2
⌉
+ n− a23 − ht(P3) = B,
applying also [9](see also [3]). Similarly we get
sdepthS′′[xr+1,...,xn] (I3) ≥
⌈a32
2
⌉
+
⌈
ht(P2)− b2
2
⌉
+ n− a32 − ht(P2) = A.
Finally,
sdepthS˜ (I4) ≥
⌈
r − b1
2
⌉
+ sdepthK[xr+1,...,xn](P2 ∩ P3 ∩K[xr+1, . . . , xn]).
There are two cases:
Case 1. If Pi 6⊂ Pj + Pk for any different i, j, k ∈ {1, 2, 3}
Note that P2 ∩K[xr+1, . . . , xn] 6⊂ P3 ∩K[xr+1, . . . , xn] (otherwise it would result
that P2 ⊂ P1 +P3, contradicting the hypothesis of this case). In the same idea P3 ∩
K[xr+1, . . . , xn] 6⊂ P2∩K[xr+1, . . . , xn]. By applying Lemma 1.6 for r = ht(P2)−b2−c
and n− t = ht(P3)− b3 − c we get
sdepthK[xr+1,...,xn](P2∩P3∩K[xr+1, . . . , xn]) ≥
⌈
ht(P2)− b2 − c
2
⌉
+
⌈
ht(P3)− b3 − c
2
⌉
.
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Note that there are no free variables above. Therefore
sdepth
S˜
(I4) ≥
⌈
r − b1
2
⌉
+
⌈
ht(P2)− b2 − c
2
⌉
+
⌈
ht(P3)− b3 − c
2
⌉
= C.
Consequently, it follows
sdepth (I) ≥ min{A,B,C,D}.
Case 2. If P1 ⊂ P2 + P3
Note that in this case S˜ = K[xr+1, . . . , xn] and P1 ∩ S˜ = 0. Thus I4 does not
appear in the Stanley decomposition of I given by Lemma 2.2. Hence sdepth (I) ≥
min{A,B,D}.
If one Ii = 0, we consider in both cases that its corresponding integer from
{A,B,C,D} will not appear in the sdepth formula.

Remark 2.5. In the notations and hypotheses of Proposition 2.3, let Ŝ = S[xn+1, . . . , xt]
for some t > n. Then
sdepthŜ (IŜ) ≥
{
min{A,B,C,D}+ (t− n) , if Pi 6⊂ Pj + Pk for any different i, j, k
min{A,B,D}+ (t− n) , if P1 ⊂ P2 + P3,
by the Lemma 1.7 and the Proposition 2.3.
Theorem 2.6. Let P1, P2 and P3 be three non-zero prime monomial ideals of S not
included one in the other and set I = P1 ∩ P2 ∩ P3. Then,
sdepth (I) ≥ depth (I).
Proof. By [4] it is enough to suppose the case when
3∑
i=1
Pi = (x1, . . . , xn). Note
that D = sdepthS (I1) is strictly greater than the number of free variables which
is n − r = dim(S/P1). Thus D ≥ depth (I) (so D can be omitted below). As in
Proposition 2.1 and Proposition 2.3 there are two cases:
Case 1. If Pi 6⊂ Pj + Pk for any different i, j, k ∈ {1, 2, 3}.
By Propositions 2.1 and 2.3 we have depth(I) = 3 and we must prove that A ≥ 3,
B ≥ 3 and C ≥ 3.
By hypothesis of Case 1 we have n ≥ 3 and A ≥ ⌈1
2
⌉+⌈1
2
⌉+1 = 3. Similarly we get
B ≥ 3. Also it follows C ≥ ⌈1
2
⌉ + ⌈1
2
⌉ + ⌈1
2
⌉ = 3. Therefore, sdepth (I) ≥ depth(I).
Case 2. There exist different 1 ≤ i ≤ j ≤ k ≤ 3 such that Pi ⊂ Pj + Pk.
After a possible renumbering of (Pi)1≤i≤3 we may suppose that P1 ⊂ P2 + P3. In
this case we show that A,B ≥ depth(I) = n + 2 − max{ht(P1 + P2), ht(P1 + P3)}
by Propositions 2.1 and 2.3. Since P1 ⊂ P2 + P3 we have
a32 + ht(P2) = ht(P1 + P2).
As the Pi’s are not included one in the other we get⌈a32
2
⌉
+
⌈
ht(P2)− b2
2
⌉
+ n− (a32 + ht(P2)) ≥ 1 + 1 + n− ht(P1 + P2),
thus A ≥ depth(I). Similarly it will result that B ≥ depth(I).
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In conclusion,
sdepth (I) ≥ depth (I).

Next we express the integers A, B, C only in terms of heights of (Pi), thus
independently of the numbering of the variables.
Proposition 2.7. With the notations above, we get:
A =
⌈
3n− ht(P1 + P2)− ht(P2 + P3)− ht(P2)
2
⌉
+
⌈
ht(P1 + P2)− ht(P1)
2
⌉
,
B =
⌈
3n− ht(P1 + P3)− ht(P2 + P3)− ht(P3)
2
⌉
+
⌈
ht(P1 + P3)− ht(P1)
2
⌉
,
C =
⌈
n− ht(P2 + P3)
2
⌉
+
⌈
n− ht(P1 + P3)
2
⌉
+
⌈
n− ht(P1 + P2)
2
⌉
.
Proof. By definition we have r = ht(P1),
b2 = ht(P1) + ht(P2)− ht(P1 + P2), b3 = ht(P1) + ht(P3)− ht(P1 + P3),
b1 = ht(P1) + ht(P2 + P3)− n,
a23 = ht(P1+P3)+ht(P2+P3)−ht(P3)−n, a32 = ht(P1+P2)+ht(P2+P3)−ht(P2)−n,
c = ht(P1 + P2) + ht(P1 + P3)− ht(P1)− n,
and it is enough to replace them into the definition of A,B and C. 
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